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We prove that the thickness and the arboricity of a graph with e edges are at 
most La + 3/2 J and r-1, respectively, and that the latter bound is best 
possible. 0 1991 Academic Press, Inc. 
The thickness of a graph G, O(G), is the minimum number of planar 
graphs into which the edges of G can be partitioned, and the arboricity, 
Y(G), is the minimum number of acyclic graphs into which the edges of G 
can be partitioned. Nash-Williams [9] has determined a precise formula 
for the arboricity of a graph; namely, 
eH Y(G) = max - I 1 nH- 1 ’ 
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where the maximum is taken over all nontrivial induced subgraphs H, and 
where eH and nH denote the number of edges and vertices of H, respec- 
tively. From this and Euler’s formula for planar graphs it follows that 
Y(G) < 38(G); clearly 0(G) < Y(G). 
First we derive the O(A) b ound on the thickness of a graph with e 
edges, and then, usin 
/- 
the Nash-Williams formula, we obtain the best 
possible bound of r e/Z] on the arboricity, exhibiting, for each e, a graph 
with e edges whose arboricity achieves this bound. It was previously known 
that Y(G) = O(J) e since in [S] it is shown that Y(G) 6 r( l/2) JG], 
where n is the number of vertices in the graph, and in [7] that Y(G) < 
L5/4 + (l/2) ,/m J. Both these bounds are achieved by the complete 
graphs; the latter bound is asymptotic to our bound, but infinitely often is 
larger by 1. We use definitions and basic facts from [2]. 
THEOREM 1. If G is a simple graph with e edges, then O(G) d 
L&K- WI* 
ProoJ: We use induction on 1 P’/) + IEl. If 1 V/I + I El = 1, then G = Ki and 
8(K,) = 0. Suppose the theorem has been proved for all graphs with 
1 Vi + /El < n + e and let G be a graph with n vertices and e edges. 
First, suppose there is a vertex v with deg(v) 6 a. By induction, G - v 
has thickness at most La + 3/2 J. Let k = Lm + 3/2 J and decompose 
G - v into k planar graphs H,, . . . . Hk. Since deg(v) < k, we add to each of 
the Hi, for 16 ib deg(v), the vertex v and the edge from v to its ith 
neighbor. Note that so modified, the Hi’s are planar graphs whose union 
is G. 
On the other hand, suppose there is no vertex with degree at most &?. 
In this case, 
2e = c deg(v) >n @ 
YE V(G) 
and therefore n < 2fi. Since the thickness of K,, is at most L(n + 9)/6 J 
(see [l, 3, 8, 11, 12]), we have 
Since the thickness of the complete graph on n vertices is O(n), the 
bound of this result is of the right order, but we believe that the constants 
are not best possible. Note that O(K,) is approximately &@, but 
wL,2, n/2 ) = rn2/(8n - 16)] is approximately &@ (see [4]). We conjecture 
that 8(G) d m + 0( 1) for any graph G. 
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The previous proof with “arboricity” replacing “thickness” and the 
fact that Y(K,) < [n/2] leads to Y(G) < r&l. However, we prove the 
following stronger and best possible result. 
THEOREM 2. If G is a simple graph with e edges, then Y(G) < rJe/2a 
and this bound is best possible. 
ProoJ: By Nash-Williams’ result [9], there is a subgraph G’ of G with 
n’ vertices and e’ edges, and 
Y(G)= Y(C)= & . r 1 
If e’ 6 (n’ - 1)*/2 then (e’/(n’ - l))* < e’/2, and 
If e’ > (n’ - 1)*/2, we have 
Y(G) = Y(G') < l-&t) = ; , 11 
and we compute 
e’> (n’- 1)*/2* $>T 
J 
n’- 1 
Next, we show that the inequality is best possible in the sense that 
among all graphs with e edges there is one for which Y= r&l. The 
construction is as follows: Let n be the integer satisfying 
SO put e = (‘;) + k with 0 < k < n. We make a graph G with n + 1 vertices. 
Form a complete graph on n of them and let the degree of the remaining 
vertex be k. We claim that Y= Y(G) = rm]. We have Y< r&?l so 
we work to show Y> rJe/21. By the Nash-Williams result, 
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Notice that 
(z)+k n--l+! -=- 
n 2 n’ 
Now if k/n < l/2 we have that Ya rn/21 and 
and therefore 
On the other hand, if k/n > l/2 then Yb [(n + 1)/21 and 
and therefore 
If G is a triangle-free graph, we can modify the above proof and apply 
Turan’s theorem to bound its arboricity by (l/2) A. This bound is 
achieved by the complete bipartite graph K,,.. This also gives a slightly 
improved thickness bound for triangle-free graphs. 
The proof technique of Theorem 1 is a simplification of that used in [6] 
to show that the thickness and arboricity of a graph of genus g are O(h). 
This technique leads to a simpler proof of the result in [6] that e(G) < 
6 + ,/m. The proof technique of Theorem 2 is derived from that of 
[lo] where the maximum interval number of a graph is compared with the 
genus of a graph. 
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